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Abstract—Understanding the mechanism underlying distributed
neural coding is a fundamental goal in computational
neuroscience. With the ability to simultaneously observe the
activity of large networks of neurons in response to external
stimuli, a natural question arises: how the outside world is
represented in the collective activity of these neurons? In this
work, we provide an information theoretic approach for
determining the role of cooperation among neurons in encoding
external stimuli. Specifically, we show that statistical
independence between neuronal outputs may not provide the best
coding strategy when these outputs depend on the history of
other neuronal constituents in the network. Rather, cooperation
among neurons can provide a near optimal and lossless coding
strategy under specific constraints governing their network
structure. Using a statistical learning model, we demonstrate the
performance of the proposed approach in decoding a motor, task
with both discrete targets and continuous trajectory using spike
trains from a small subset of a large network. We demonstrate its
superiority in minimizing the decoding error compared to a
statistically independent model and to otherclassical decoders
reported in the literature.
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l. INTRODUCTION

An essential«step towards understanding how the brain
orchestrates <information processing »at the cellular and
population levels is to simultaneously observe the spiking
activity-of cortical neurons that mediate perception, learning,
and ~ motor -processing. The advent of high-density
microelectrode arrays (MEAs) that can be implanted in the
vicinity of small populations of cortical neurons [1, 2]
permitted monitoring the collective activity of these neuronal
populations with temporal-and spatial resolution far exceeding
what is obtained by surface EEG electrodes or functional
Magnetic Resonance/ Imaging (fMRI). The technology is
already paving the way to improve the lifestyle of many
patients with severe neurological diseases and disorders or
traumatic brain injury following stroke [3].

In many cases, the spiking activity of neural populations
recorded using MEAs exhibit variable degrees of statistical
dependency among their individual firing patterns [4]. To date,
it is unclear whether this dependency is intended to enhance the
neural coding mechanism by attempting to represent the
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external stimulus features in a network-wide activity pattern, or
hinders this coding mechanism if it were.to simply express
independent  neuronal -responses to that stimulus. Generally
speaking, this statistical dependency can result from either
neurons responding to a common input, or from some type of
network connectivity between them, or both.

In a non-cooperative network, i.e., one in which neurons do
not depend on each other’s firing pattern to encode the
stimulus, stimulus-induced dependency would cause significant
correlation between the heurons. In such case, the inter-neuron
correlation coefficient is always positive [5, 6]. On the other
hand, in a cooperative network, i.e., one in which neurons
depend on each others’ firing pattern to encode the stimulus,
both stimulus- and connection-induced dependency may be
observed. In this later case, however, it is extremely hard to
isolate one type of dependency from the other, for example, to
determine whether the cooperation between the neurons is a
potential encoding mechanism.

In this paper, we propose an information theoretic approach
to assess whether a connection-induced dependency can be part
of /a synergistic population code. We refer to this type of
connectivity as functional connectivity, as it attempts to
discover how information about stimulus features may govern
the way neurons signal one another. Specifically, we seek to
optimally express the conditional probability of the population
response given the stimulus in terms of a consistent network
connectivity pattern. This pattern is determined by inferring
causal relationships between the neurons and using these
relationships to factor out the conditional probability of the
joint response in an optimal way given a specific stimulus. We
demonstrate that network code is represented in a subspace of
the entire neural space where the stimulus information resides.
We show that information in this subspace is sufficient to
decode the population activity.

Il.  THEORY

A population code is expressed by the conditional density
P(r/s) = P([ry,ra...,1m]/s), where r; denotes the response of
neuron i, expressed in terms of a spike count in a time bin with
fixed length, i.e. firing rate, n is the number of neurons in the
population, and s is the stimulus. We seek to optimally express
the conditional probability, P(r/s), with knowledge of the
population’s specific input. This is a very challenging problem.
If a connection-induced dependence can be attributed to the



stimulus, the problem of optimally expressing P(r/s) can be
converted to optimally expressing P(N/s), where N is an
underlying network structure. This can be feasible with
knowledge of a specific model of neuronal interaction. It would
be desirable in such case to obtain a consistent network
structure for every presentation of that specific stimulus.

A. Optimal cooperative population code

In the context of stimulus prediction/estimation, one way to
demonstrate that a connection-induced dependency would
enhance population coding is to study the consistency between
the true stimulus and the estimated one. This is because the
posterior density, P(s/r) - also known as the decoding
dictionary- is expressed in terms of the prior, P(r/s), according
to Bayes’ rule as

P(s/r)= P(r/s)P(s),
P(r)
For a fully connected model, the prior density is expressed as
P(r/s)=P(r,r,,...,r,1/s) )

On the other hand, a non-cooperative model expresses the prior
density as

§, =argmax{P(s, /r)} @

P(r/s) HP r/s) ®)

Clearly, both are not optimal, particularly if the population. is
inhomogeneous, i.e., when the conditional density P(ri/s) is not
the same for each neuron. This occurs when neuronal elements
affect each others’ firing patterns with variable degrees as we’ll
show later.

In a cooperative model, the prior density can be factored as

P(r/s) HP( It ) )

where “(i) is the set of neurons affecting the firing of neuron i.
Figure 1 shows a simple example. The prior P(r/s)'is factored
based on the connectivity pattern as

P(r/s)=P(r.r, 1, r, Js)P(r,. .1, ]/s)P(r, /s) ®)
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Figure 1. Hypothetical network graph of eight interacting neurons.

This factorization is dependent on knowledge of the
stimulus s and the network structure, which would provide the

most informative prior. Alternatively, it can be used to estimate
— or decode- the stimulus s using (1).

B. Distance between cooperative and non-cooperative
population

The importance of connectivity between neurons to
stimulus coding can be quantified in terms of the distance
between the joint density of a cooperative network response to
that of a non-cooperative one. For two arbitrary neurons i and j,
the KL-divergence, D(P(r;, )|l Pina(ri,elj)), is expressed as

) (6)

DR, 1) Prlr )= S Plr.r J)logm
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where Ping(ri, 1) is the joint distribution under independence
assumption and is equal to the product of the marginal
distributions.

Conditioned on a specific stimulus s, the change in the
KL-divergence, denoted 0Dy, is.expressed as

AD, (i, j) = DP(,r; [ s Il Poa 1515, ) Q)
—D(P(r, 1)l Py (5. 7,)

It can be shown that (D can be replaced with the difference in
mutual information 0l (proof omitted for the lack of space)

Al (i, §)= g, r, /s )-1(r.1) (8)

[}
Large 0 (i, J) implies large information transfer between
neurons i and j specific to stimulus k compared to the baseline
mutual information measure, | (r;,r;), averaged over all the
stimulus space.

C.+Transforming population input to interaction pattern

To study the statistical dependence between neurons caused
by connection-induced patterns, it is necessary to transform the
input to the population (the stimulus) to a network interaction
term between neuronal elements. This enables us to minimize
the dependence caused by individual, non-cooperative neuronal
responses to a common input that would be exhibit statistical
dependency in the neuronal outputs in both cooperative and
non-cooperative networks.

We consider an inhomogeneous Poisson model of neural
firing in which the firing probability of each neuron at any time
point is modeled using a conditional mean intensity function
3i(t/Hi(t)), where Hi(t) denotes the firing history of all the
processes that affect the firing probability of neuron i up to
time t [7]. In this model, the firing probability P(Si(t) = 1) of
neuron i attime tis

P(S,(t)=1)= 4 (t/H, (t)a ©)

Mu
= [exp[ﬂi + 50+ > Dy (mA)Sj(t—mA)DA,

jer(i)m=0
ZKHUH @
background rate of neuron i, f; is a function that represents the
receptive field of neuron i to stimulus parameter(s) (this can be
multidimensional), M;; is the number of history bins of
interaction between neurons i and j, Ujj is a time-varying decay
rate in an exponential function that models the synaptic
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connection between neurons i and j, and Sjt T my) is the
spiking state of neuron j in bin m (assumed to be 0 or 1). This
model has several desirable properties that makes it more
biologically realistic than a standard Bernoulli or homogeneous
Poisson model [5], because it contains statistically dependent
random variables from bin to bin, and therefore takes into
account temporal statistical correlations that may be caused by
refractory and rebound effects of the neuron, or feedback loops
from many other unobserved cortical neurons that have long
been anatomically verified.

We implemented the input transformation to a network
interaction term using a statistical learning encoding model
based on a Spike Timing Dependent Plasticity (STDP)
mechanism. In this mechanism, positive and negative changes
in the connectivity between neurons take place as a result of
repetitive stimulus presentation that essentially guides the
ordered sequence of firing of the neurons. This mechanism has
been discovered in real neurophysiological experiments and is
hypothesized to underlie memory formation in biological
neural networks [8].

Il.  METHODS

Figure 2a shows an illustration of the network used for
input transformation. A 2-layer network with a total of 166
neurons was simulated. The input layer is a non-cooperative
network of 66 neurons with no connectivity between them.
These neurons encoded a stimulus consisting of two
parameters, direction and end-point. Neurons 1 to 40 were
cosine-tuned to a preferred direction ranging between —180° to
180° with a step of 9 degrees [9]. Additionally, neurons:31 to
66 were each tuned to a preferred end-point, where the
movement space was divided into a 6 x 6 grid and the center of
each cell in the grid was considered as the end=point. Their
responses were highly correlated due to the overlap in their
tuning characteristics as illustrated.

The cooperative network (integration layer), on the other
hand, consisted of 100 neurons with no functional dependence
on any of the stimulus parameters. These neurons were
randomly connected to neurons in the input layer. Each neuron
in the integration layer.received excitatory connections from 4
randomly selected input layer neurons whose indices were
drawn from a uniform distribution. In addition, neurons in the
integration layer were initially fully connected to each other
with_fixed weights, where 80 neurons/were excitatory and 20
neurons were inhibitory.

A center-out reach task was designed with 8 targets. The
goal of the task was to move.the hand from a center position to
a peripheral target and then return back to the center. The
network was trained with 100 trials (trajectories) per movement
target. These movement trajectories were simulated by fitting a
curve between three points, randomly selected by Gaussian
distribution in a two dimensional space as shown in Figure 2b.
The duration of each trial was 2 sec: 1 sec to reach the target
and 1 sec to return back to the center. Excitatory connections
between cooperative network neurons were the only
connections allowed to change during learning. To model
feedback, a reward-modulated STDP rule was used, in which a
connection between a neuron pair is strengthened if a
presynaptic neuron fires before a postsynaptic neuron, while it

is weakened when post-before pre firing occurs [10]. Figure 2¢
shows the connectivity matrix of the integration layer after
learning where the initial connectivity strength was set to 0.01.
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Figure 2. (a) A simplified version of the network structure. Each neuron in
the cooeprative network (100 neurons) receives 4 excitatory connections from
the non-coopertive network (66 neurons) as illustrated by the dark red neuron.
Sample tuning functions for 8 direction-tuned neurons (out of 40) are
displayed on the left. The Gaussian-tuning functions for end-point tuned
neurons are illustrated on the right. (b) Trajectories used to simulate the spike
trains for the 8 targets. (c) Connectivity matrix for the cooperative network
neuron after learning. Columns and rows show parent and children neurons,
respectively.

IV. RESULTS

A. Network-based decoding

We argued that information about the stimulus would be
encoded in the cooperative network structure if a consistent
pattern of connectivity is observed for each specific stimulus.
The stimulus in this case is the discrete target and the
continuous trajectory. We used the total mean square decoding
error as a criterion for judging how well the population encodes
the stimulus parameters in its connectivity pattern. This
includes a classification error for the discrete stimulus (target
index) and an estimation error for the continuous stimulus
(movement trajectory).

For a given target T;, an associated network is inferred as
described below, and subsequently used to estimate the
encoding dictionary

§, =argmax{P(s /r)}= ml:ax{PTl (r/s, )P(s, )} (10)



where i=1,...,Q is the number of individual tasks, and k=1,...,K
is the number of discrete stimuli.

B. Graph extraction

Figures 3a and 3b illustrate the output of the encoding
model and Figures 3c and 3d represent the Ol matrix for two
sample stimuli corresponding to targets 3 and 5. Brighter pixels
of 0O indicate more influential connections, while darker
pixels indicate more independent neurons. To discriminate the
most influential connections, elements of the matrix 0, were
thresholded to extract a graph representation of the network
structure given the stimulus. In this case, (i, j) above the
threshold would correspond to a connection from neuron i to
neuron j in the graphical representation.

Target 3

Meurcn

Time (msec}
(a)
Target 5

Neuron

L. |
1000 o
Time (msec)

Target 3

6 8 10
0.7
0.6
0.5
0.4
0.3
0.2
0.1
8 10

4
Target 5

2
2 4 6
© (d)
Figure 3. Output of the encoding model for trials drawn for targets 3, and 5,

respectively. 0Ol matrix for targets 3 and 5, respectively. Bright pixels indicate
most influential connections.

Figures 4a and 4b show the graphical representation of the
mean graphs for the two sample targets shown in Figure 3. The
thickness of each edge in the graphs corresponds to the
frequency of its presence across trials. To examine the
proximity between the graphs inferred from 0l for a given pair
of targets m and n, we computed the average Euclidean
distance between the graphs inferred for the L trials of target m
andgG,

26 -G, >G;
Cmn)y= G =" (8)
L L

Figure 4c shows the average graph distances. As can:be seen,
the distances between the inferred graphs for target.m and mean
graph k, where k T m, are always greater than the distances
where k = m. This indicates higher similarity between the
networks inferred across;trials for the same target and less
similarity: between the networks inferred for different targets.
This demonstrates that the networks inferred are target-specific.

The threshold used to extract the-graph representation of the
network structure is selected to maximize dissimilarity between
networks:inferred across:targets,”while minimizing the ones for
the same targets. Figure 5 shows the dissimilarity across a
range -of threshold values. Maximum dissimilarity was
achieved for threshold = 0.225, and this is the value we used
for graph extraction.
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Figure 4. (a), (b) Mean graphs extracted from 0 matrices of Figure 3. The

thickness of edges represents the frequency of observing that connection over
trials. (c) Average distance between graphs extracted for multiple trials.
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C. Decoding performance

A set of 50 trials for each target were used to estimate the
joint density in the cooperative network model using a
Gaussian mixture. The decoder was tested on a different set of



50 trials for each target. In all these experiments, the neural
response of a subpopulation of 10 neurons was used for both
testing and training. Decoding the discrete stimulus (target
index) resulted in zero error, i.e., lossless coding. A continuous
decoder was used to estimate the continuous movement
trajectory with knowledge of the graph structure.
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Figure 5. Total dissimilarity across a range of threshold values

The decoding performance of the network-based decoder
was compared to several other decoding strategies. Different
variations of the Bayesian decoder were implemented by
recruiting variants of the models in (2) and (3) to estimate the
joint conditional probabilities. In all cases, the movement
trajectory is estimated by 90 discretized values. The minimum
mean square error (MSE) between the estimated and the true
trajectories is therefore lower bounded by the MSE
quantization error (3x107°). Figure 6 shows the decoding errors
for different types of decoders compared with the network-
based decoder. It is clearly seen that the decoding error is
lowest in the case of a decoder that utilizes knowledge of the
cooperative network structure to optimally factor out the prior
density thereby improving the joint density estimation. This
demonstrates that the inferred target-specific-networks are
encoding information about the movement in their interaction
patterns.
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Figure 6. Comparison between the decoding error (MSE) of the cooperative
network, the non-cooperative network and other neural decoders.
V. CONCLUSION

We have proposed an information theoretic approach to
quantify and interpret the role of connection-induced statistical

dependency between firing patterns of spiking cortical neurons
on stimulus coding. In particular, we have shown that under
certain constraints on network structure, cooperation among
connected neurons provides an efficient, synergistic, and
nearly lossless information coding mechanism of complex
stimuli. This result opens up a new avenue for developing a
novel network coding theory with cooperative elements in
which neuronal constituents dynamically interact to encode
stimulus features. Although non-cooperative structures
exhibiting statistically independent outputs/were shown to be
optimal, the inhomogeneous Poisson models with variable
history interval dependence considered here suggest that
similar performance can be obtained with smaller papulation
size when interaction occurs.

Using a statistical learning model.of motor encoding, we
demonstrated that task information can be transformed from a
non-cooperative network »output to a cooperative network
using a statistical learning rule. We compared the performance
to a number of classical decoders.as well as Bayesian decoders
with statistically independent firing patterns and demonstrated
the superior performance. This framework can be extremely
useful insimproving our understanding of brain circuits, and in
developing future generations of Brain Machine Interfaces
(BMls):
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